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1. Background

® Molecular dynamics (e.g. Lennard-Jones):

— Lagrangian nature 100
. E/cmt + Repulsive +A/r?

— Stiff force -

— Atomic time step
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(Allen & Tildesley, Oxford Univ. Press, 198 .|
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® Coarse-grained (1980s): Lattice gas automata
— Mesoscopic collision rules Y N N\ N/

— Grid based particles

(Frisch et al, PRL, 1986) M




Mesoscale + Langrangian?

® Physics intuition: Let particles represent clusters
of molecules and interact via pair-wise forces

F => (FC +FF /Jdt +FP)

j=i

Conditions:

— Conservative force is softer than Lennard-Jones
— System is thermostated by two forces F* F”
— Equation of motion is Lagrangian as:

dr, =v.dt dv, = Edt

This innovation is named as DPD method!

Hoogerbrugge & Koelman, EPL, 1992
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2. Fluctuation-dissipation theorem




2. Fluctuation-dissipation theorem

®Langevin equations (SDEs)

dr, = 2% qt
™m;

dpi = EFE (rt'j) + E _?"”D(Tij)(eij'uij)eij]dt + 2 ng(Tij)eidei‘f
; JEe

j=i J=i
With dW;; = dW;; the independent Wiener increment: dW;;dW;.; = (85 8y + 85 &5p) dt

®Corresponding Fokker-Planck equation (FPE)
0 e(r, p; ©) = Lop(r, p; 1) + Lpe(r, p; 1)

( _ p; o c o
c#(r, p; 0) [i o a;”. ;EJH( p; t)
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2. Fluctuation-dissipation theorem

®(Gibbs distribution: steady state solution of FPE

2
¢¥(r, p) = }-EXP[—H(T, p)/ksT]= ie:{p[—(z: P +V(r)) /kBT]
Z Z i 2‘?’3’3-1'

Conservative Potential FC=-V V(r) e 0% =

Require Lppe® =0  Energy dissipation and generation balance

DPD version of fluctuation-dissipation theorem

wg (1) = wif*(r) ¢ = (2kp Ty)'/2

DPD can be viewed as canonical ensemble (NVT) “g=" &
Espanol & Warren, EPL, 1995 =] 1A
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3. Kinetic theory

How to choose simulation parameters?

Strategy: match DPD thermodynamics to atomistic system

I. How fo choose repulsion parameter? (See Lecture I)
Match the static thermo-properties, i.e.,
Isothermal compressibility (water)
Mixing free energy, Surface tension (polymer blends)
IT. How to choose dissipation (or fluctuation) parameter?

Match the dynamic thermo-properties, i.e.,

Self-diffusion coefficient, kinematic viscosity
(however, can not match both easily)

Schmidt number Sc¢= »/D usually lower than atomic fluid




Friction parameters for simple fluids

Simple argument by Groot & Warren, JChemPhys., 1997

Consider an uniform linear flow va.=euprs

Dissipative contribution to stress

Tap= V(z iz_}af IJE)

-

p ; 2myp”
jn’ r yw2(r)r .’3? A5 €5 = 5 L dr *wP(r)[e apt€pat Oupeyy]

e : n =TYP”
Dissipative viscosity # = > d} HwP(r)
5 0

Motion of single particle:
ighore conservative forces, average out other particle velocities

v, v; o Self-diffusion coefficient
a7 ¢ 1 (=
. D=§ dt(v;(0)-v;(t))=7kgT.
A A N 0
— D i J _ I » TR . .
;: rwi(ry) 3 3 L ar rw(r) Viscosity v= vreP=pr+gPip

(F*y=0. (FX1)-FX1")) =477crlpj dr r[wh(r)]?é(t—t")
0




Kinetic theory:
Fokker-Planck-Boltzmann Equation

Marsh et al, EPL & PRE, 1997
Single-particle and pair distribution functions

flat) = (3 8 —z(t))  FOz,a,t)= (3 6z — z:(t)d(c — z;(t))
i

iFj

Assume molecular chaos ') (z, 2", t) = flz. t)f(z'. 1)
Fokker-Planck-Boltzmann equation
deflz) +v-Vflz)=1(f)
with collision term

I(f)=8- fﬁlf*ﬂ_i:,?"}f[r’}f[irj + éﬂﬁ‘ : f-:l.i,r"'a'i_.i,r',I"}ﬂ'[ir,.r'}fli:::'jf[.r“_l




Kinetic theory: dynamic properties
Integration of FPB over v yields continuity equation
din = —V - nu
Multiplying FPB by v and integrate over v yields momentum equation
B pu — —‘F-/[lvuuf[f_l —m [[1tuix“ﬂ3_.r“)f|:x“)f|:xﬁ = V- (puu + g + Ip)

kinetic part of the pr'essur'e.‘rensor'

ITx = [dvmovvf — puu = [ domVV f, where V = v — u(r,t)
dissipative part of the pressure tensor

V -IIp = my [de(R]ﬁﬁ- (w(r) — u(r'))n(r)n(r)

transport properties in terms of density n, temperature . friction v and range Ry

Mo = mnwe( Ry /2(d + 2), (n = mnwp{ R /2d wo = 1/t = (ny/d)|w]

(R?)w = [R°w]/[w?]
= [dRw(R)

Compare with NS equation 0y = mo?/2y

M — ?EE.;]I.-';EM.;]: |.';]{ — ?EE.;]I,-".EIEM.;]
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4. DPD ----> Navier-Stokes
Strategy:

Stochastic differential equations

l Mathematically equivalent

Fokker-Planck equation

l Mori projection for relevant variables

Hydrodynamic equations
(sound speed, viscosity)

Espanol, PRE, 1995



Stochastic differential equations

®DPD equations of motion

dpi: ZFZJ Tij +Z —YW 7'33 e"°V¢j)eij dt




Fokker-Planck equation
®Evolution of probability density in phase space

»Conservative/Liouville operator
»Dissipative and random operators

Bie(r, py t) = Log(r, p; ) + Lpe(r, p; t)

L‘CF"(T P; t)__[z_“'+ 2 F ap:[r‘(rsp! t)

i m or L,j#=1

2
Lpe(r, p; t) = 2, i [?“’D("‘”u)(f-a:f"’“)Jr 7 R0

i, =1




Mori projection
(linearized hydrodynamics)

® Relevant hydrodynamic variables to keep

5pe = Y mb(r —1;) — po,

gr = ZpicS(r —T;),

2
P; 1
oey = E om "I". '2' j2¢i: ¢ij 6(1‘ — ri) — €0,

®Equilibrium averages vanish




Mori projection
® Navier-Stokes

0.&(r,t) = —c}Vop(r, 1) + nVv(r, 1
+( 2;7) Vv (r, 1)

® Sound speed

Espanol, PRE, 1995



Mori projection

® Stress tensor via Irving-Kirkwood formula:

c _ 3. C _ P: . Y nl¢
> */d ro, —Z;pz+2(r,—r3)Fﬁ,
ij

t

»P = /dsraf = Z(r,; -—r_.,-)Fg

® Contributions:
> Conservative force
> Dissipative force




Mori projection

® Viscosities via with Green-Kubo formulas
> Shear viscosity n and bulk viscosity

_ﬁf dquC ), 955, ],

(c ——'n) B[ duglsg.w), 0z

,@/ 'u,--—[E u), Q%0 ],
(cD——n) 5[ du (5B, w), Q22

Projection operator PW,
Orthogonal Projection operator QW, = (1 — P)W,

® Note the squared dependence of viscosity ony
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5. Navier-Stokes ---> (S)DPD

Story begins with

smoothed particle hydrodynamics (SPH)
method

®Originally invented for Astrophysics
(Lucy. 1977, Gingold & Monaghan, 1977)

®Popular since 1990s for physics on earth
(Monaghan, 2005)




SPH 15t step: kernel approximation

A(r): function of spatial coordinates

@ integral interpolant:

Al(r) = /A(r’)W(r —r', h)dvr',

where weighting function/kernel W: (Monaghan, RepProgPhys 2005)

lim W(r—r',h) =4d(r —r'). / W(r—r' h)dr =1
h—0

@ Gaussian; B-Splines; Wendland functions.

(Schoneberg, QApplMath 1946; Wendland, AdvComputMath, 1995)
@ h > 0: kernel error

A(r) = Al(r) + Ex(h?)
(Quinlan et al., IntJNumerMethEng 2006)




SPH 2nd step: particle approximation

@ summation form (ro = 3h):

As(r) = Zd — 1}, h)

VAs(r) = ZFJVW(r—rJ-?h)

j J

compact support: neighbor list

(Espaiol&Revenga, PRE 2003)

@ Ax > 0: summation error

Ai(r) = As(r) + Ex(Ax/h) ° A(r) = As(r) + Ex(h*) + E2(Ax/h)

(Quinlan et al., IntJNumerMethEng 2006)

®Error estimated for particles on grid

® Actual error depends on configuration of particles
(Price, JComputPhys. 2012)




SPH: isothermal Navier-Stokes

®Continuity equation

o = (B By OW 5 (1, 1) W, e
= Z(derdf) 8rgelj+z??(d?+d2) Jrij r'ijJrFI

I
N
L
S
_l_
L
=0
e
_|_
n

4

®Input equation of state: pressure and density

Hu & Adams, JComputPhys. 2006



SPH: add Brownian motion

® Momentum with fluctuation (Espanol & Revenga, 2003)

miVv; = Z (FE 4+ F}? 1 /Fm) + F;'::_xr

JFi

®Cast dissipative force in GENERIC - random force

1/2
_akgTn (1 1\ ow]”? =
_ : W - e
{ - (dgﬂ{g) ar,-j] Wi~ €y

dW,; = (dwﬁdng /2 — tr[dW,]l/D

®dW is an independent increment of Wiener process

ey




SPH + fluctuations = SDPD

®Discretization of Landau-Lifshitz's fluctuating
hydrodynamics (Landau & Lifshitz, 1959)

®Fluctuation-dissipation balance on discrete level

® Same humerical structure as original DPD formulation

ED ( S+ FP+F/ n’t) + FEx

J#Fi




GENERIC framework (part 1)

(General equation for nonequilibrium reversible-irreversible coupling)

®Dynamic equations of a deterministic system:

i - ~ o | State variables x: position, velocity, energy/entropy
i" _7 oL ey 05 E(x): energy; S(x): entropy
At S5x  Sx |Land M are linear operators/matrices and
represent reversible and irreversible dynamics

®First and second Laws of thermodynamics
oS oFE
=0 M—=

[—=0
f?"{‘ II"’J.T

L

®For any dynamic invariant variable I, e.g, linear momentum

., 0 JE JEN '

ox dx ax dx

Grimela & Oettinger, PRE, 1997; Oettinger & Grmela, PRE, 1997




GENERIC framework (part 2)

(General equation for nonequilibrium reversible-irreversible coupling)

®Dynamic equations of a stochastic system:

df%‘d%ﬁ\\\\\\\sg

Last term is thermal fluctuations
®Fluctuation-dissipation theorem: compact form

JE dS d
df:: L'T_"+ﬂj;r__kkﬁff_ﬂj

ox X X

dxdx'=2lkzMdt
v'"No Fokker-Planck equation needs to be derived

v'"Model construction becomes simple linear algebra

Grimela & Oettinger, PRE, 1997; Oettinger & Grmela, PRE, 1997
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6. Microscopic ----> DPD

* Mori-Zwanzig formalism




Coarse-graining: Voronoi tessellation

®Procedure: —
1. Partition of particles of molecular dynamics — - —— "\
2. Measuring fluxes at edges i WY e
3. Update center of mass M ] .
4. Repeat 1,2 and 3 B T r:""\h""”‘
.f"""'.'J‘W'H'
. . — il W
5. Ensemble average interacting forces b g L0
between neighboring Voronoi cells: f/,»f*‘I---J._l_g_,,—f-'*“'n,;’ s S
similarly as DPD pairwise interactions ' .' [
dM; ; Conceptually: useful to support
1 _szf = kaf’ Jm(v; - 1y + X+ Un), DPD as a coarse-grained (CG) model
dP - U+ U . ; : :
T;k Mg + Y b : LS fuoll - ey Practically: force fields are useless

and can not reproduce MD system

(?’Ek ng (ng) ( / / Uk!)
—k =N SH(2A E )3 -1 ,
di ~ 2\ 2 S xi) | J; ) )M

Flekkoy & Coveney, PRL, 1999



Mori-Zwanzig Projection

Consider a canonical ensemble T'.
Def: A, B are two variables in I', noted by A(I'), B(T').
Def: Projection Operator P, )

_ (B(T,0),A(T,1))

PEOD =G, am ) )
Q=1-P 2)
Consider the time evolution operator e**.
L
EiLt _ EiQLt _|_f dTEiQL{f—T]iPLEiQLT {3)
0
The we have LA
—di ) _ eittif g = e"'i(Q + P)LA (4)
iLt ; _ (LAA) e,
e""iPLA = AA) e A =iQA(t) (5)
% = iQA(t) + e QLA

i
— iQA(t) + / dre'?Lt-T)i PLe'?LTiQLA + ' QLTiQLA
0



Mori-Zwanzig Projection

Given A the coarse-grained velocity term, we identify e!?%7iQ L A as the random
force 6F'(t). Since

(5F (t), A) = (¢ 94QLA, A) = (QSF (t), A) = 0 (7)

iPLe'QMQLA = iPLSF(t) = iPLQSF(t)
_ (LQSF(t),4) , _ (6F(t),iQLA)

(4, A) - (A, A) (8)
_(0F(t),0F(0)) , _
Y
% = iQA(t) — f; dre'dMTIK (1) A+ 6F (1)

— iQA(t) — f t drK(T)A(t —7) + 6F(t)




Mori-Zwanzig Projection

Specifically, if A(#) is the coarse-grained V' (1), then

dv(t) . b < 6F(T)6F(0) >
= 1QV (t) — [3 dr VD)2 V(t—1)+ dF(t)

~ 19lnw(R)

/de-é(ﬁ ~R) e

1QV ()

w(R) =

Mori, ProgTheorPhys., 1965
Zwanzig, Oxford Uni. Press, 2001
Kinjo & Hyodo, PRE, 2007

(10)

(11)

(12)




MZ formalism as practical tool

Consider an atomistic system consisting of N atoms which
are grouped into K clusters, and N, atoms in each cluster.
The Hamiltonian of the system is:

-3y Pty sy,

ylllzm,i ,uvlj;tl

Theoretically, the dynamics of the atomistic system can be
mapped to a coarse-grained or mesoscopic level by using
Mori-Zwanzig projection operators.

The equation of motion for coarse-grained particles can be
written as: (in the following page)




MZ formalism as practical tool

®Equation of motion for coarse-grained particles

: 0
P =k.T—Inw(R
' oR o(R)

U

— Conservative force

kB

1T ZK;L; ds ([ 5FS (t—3) |x[5F/(0)" ])- PK/I(S)

—Friction force

v

+JF; (t) > Stochastic force

Kinjo & Hyodo, PRE, 2007

1. Pairwise approximation: F,~> _F,
2. Markovian approximation:{sF.(t)-6F’(0 }=T,, -5(t)




Coarse-graining constrained fluids

®Degree of coarse-graining : N, to 1

MD .0 .o.°

LJII

Atomistic Model

LJ
QTQ

-
-

N
Hard Potential

r

Coarse
graining

Constrain gyration radius
> Q DPD

Lei, Caswell, & Karniadakis, PRE, 2010

Coarse-Grained Model

CG Potential




Dynamical properties of constrained fluids

Mean square displacement (long time scale)

. ) . ) dA A
Small Ry always fine Large R; and high density { ©)(©
\ (.
J.'.fa: T T LI B} | T LI | '| T LI | I": l[jz: T 1 1 1 II| T T T 1 T |
MD
10" - 10 -
: "TFTT DPD
-8 -
10° - 10°E i -
_ = _
E E pMD =0.4 - EEE
F;i"m“: —= = 10" F @o""@ s
: ] g 50°° ]
e —
Pyn =0.8
107} —= 10° aa"'aﬂo P s
: - : o -
EE‘
1"mr' 1;:“ ¢ 1;1‘ 108 mlﬂ“ 1;)" ¢ l;il 107

MSD with R = 0.95 (left) and R , = 1.4397(right)




Coarse-graining unconstrained polymer melts

®Natural bonds

N.=11

b :
-{.‘n"’, r :lp'. o’

WCA Potential + FENE Potential

_ J4e [(%)12 -(2)"+ l} L < 2V/5g
Vivea(r) = { 0: ! r s 91/64

_1l7.p2 _ 27 .
vat) = { B0/ <

NVT ensemble with Nose-Hoover
thermostat.

}f b
4 )
| |
| |
! |

Ve
e ey

"1.0" 1.122 '1.0"
M, =2m,;
M

Pﬂ = Z P
78

1
Ru - M—Z M iV

po M

L=, -R,)x(®, ~P,)




Directions for pairwise interactions
between neighboring clusters

1. Parallel direction:

Cii :rijllrij |

2. Perpendicular direction #1:
Vij =V, — Vj

1
Vii = Vi _(Vij s )-eij

11 1 1
Ci = Vi /|Vij

3. Perpendicular direction #2:
e’ =e xe

ij i ij




DPD force fields from MD simulation

Conservative Dissipative (parallel one)

Li, Bian, Caswell, & Karniadakis, 2014



Performance of the MZ-DPD model (N, = 11)

Quantities MD MZ-DPD (error)

Pressure 0.191 0.193 (+1.0%0)

Diffusivity 0
(Integral of VACF) 0.119 88 (107
Viscosity 0.965 0.851 (-11.8%)
Schmidt number 8.109 6.167 (-23.9%0)
Stokes-Einstein radius 1.155 1.129 (-2.2%)

I I I I 03
2F MD .
= =o= = MZ-DPD
1.5F
R
S 1F |
107107107 10" -
time
0.5F -
MD
t - < =MZ-DPD
O | | | ] 0 1 | 1 275
0 2 4 6 8 10 6 8




Performance of the MZ-FDPD model (N, = 11)

Quantities MD MZ-FDPD (error)
Pressure 0.191 0.193 (+1.0%)
Diffusivity 0
(Integral of VACF) 0.119 0.120 (+0.8%)
Viscosity 0.965 0.954 (-1.1%)
Schmidt number 8.109 7.950 (-2.0%0)
Stokes-Einstein radius 1.155 1.158 (+0.3%)
03 | . | | I I
; 0.14
0.12
0.2 2 0.1
o9 [
2 | =0.08
> i
0.1 10 10 till%g 10 - - = =Based on MSD
MD 0.04 - = =MZ-DPD i
- o =MZ-FDPD N T MZ-TDPD _
- ="~ ~MZ-FDPD. . ccuo
0 B O | | ] ISy
0 0 10 20 30

time



Conclusion & Outlook

Invented by physics intuition

Statistical physics on solid ground
— Fluctuation-dissipation theorem
— Canonical ensemble (NVT)

DPD <----- > Navier-Stokes equations

Coarse-graining microscopic system
— Mori-Zwanzig formalism
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