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Multiscale modeling

» Many applications on mesoscopic modeling of soft matter and
complex fluid systems (biomembrane, colloid, polymer melt, - - )

» Question I: why macroscopic/mesoscopic modeling equations
are approximately self-determined?

> Question II: where the macroscopic/mesoscopic modeling
parameters (e.g., viscosity, surface tension) are originated from?
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Governing principle e

“...if we were to name the most powerful
assumption of all, which leads one on and on
in an attempt to understand life, it is that all
things are made of atoms, and that
everything that living things do can be
understood in terms of the jigglings and
wigglings of atoms.”

— RICHARD FEYNMAN
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Connection to reduced model

» Establish connection between macroscopic/mesoscopic models
and microscopic model governed by Hamiltonian H (r,p)

1 _
H(r,p) = 5p" M 'p+V(r),
r= (r,{‘7rg7 e 7r%)T7P = (p,{‘7pg7 e 7p%)T‘
» Linearized one-component hydrodynamics

m Macro - Micro linkage
m Micro - Macro linkage

» Multiphase/multicomponent flow systems

m Surface tension: macroscopic limit
s Thermal fluctuating interface
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Outline

One-component linearized hydrodynamics

Multicomponent interfacial flow

Application
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Outline

One-component linearized hydrodynamics
Macro-micro linkage

Multicomponent interfacial flow

Application
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Governing conservation law

» Conservation of local mass, momentum and energy

m%p(r,t) +V - p(r,t)=0 (1.1a)
0
i (r,t)+V-I(r,t) =0 (1.1b)
0 . B
ﬁe(r,t) +V-Jr,t)=0 (1.1c)

p-momentum, Il-stress tensor, J¢-energy flux

» We assume mean velocity (u(r,t)) = 0, local deviations of the
hydrodynamic variables is small.

» Linearized transport equations can be established by choosing
proper constitutive models of p(r,t), II(r,t) and J°(r, ).

Balescu, R., Statistical dynamics: matter out of equilibrium, 1997
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Conservation of mass

» First order approximation of p(r,t)
p(r, 1) = m [+ Sp(r, )] u(r, 1) ~ mpu(r,t) := mjr,t)  (1.2)

p- bulk number density, j- particle number current

» Mass transport equation

%6,0(1',25) + V-l t) =0 (1.3)

June 20, 2016 | 8



Pacific Northwest
INATI L LABORATORY

Conservation of momentum

» Macroscopic modeling of stress tensor

Oug(r,t)  Oupg(r,t)
a3 _ o B
H (r’ t) - 5C¥BP(I.? t) 7] ( a/rﬁ + a’ra

+ 6 (;n - g) V- ur, ) o

7n- shear viscosity, ¢- bulk viscosity, P(r,t)- local pressure, «, -
z,Y, 2.
» Momentum transport equation
0
ap(r, t)+ V- -I(r,t) =0, p(r,t)=~mjr,t)
0
ot

v = n/pm - kinetic viscosity

. 1 2. 77/3+< . B
J(r,t)+mVP(r,t) vVZj(r,t) o VV -j(r,t)=0

Landau, L. D. and Lifshitz, E. M., Fluid Mechanics, 1987
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Conservation of momentum

» First order approximation of local pressure P(r,t)

SP(r,t) = <g—];> . op(r,t) + (%) ) 0T (r,t)

1
= —dp(r,t) + B,0T(r,t
ol 1) + BT (e, 1)

1

P
XT = ; (g—;)T— isothermal compressibility, 8, = <Z—T> p—
thermal pressure coefficient.

» Linearized momentum transport (Navier-Stokes) equation can be
written as

;Vdp(r t)—l—ﬁv V(ST(I‘,é)—i—(2 AV 77/5)—m+CVV~> j(r,t)=0

pmxT ot
(1.6)
» Energy transport equation can be formulated in a similar manner
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Long wave length limit

» Define Fourier-Laplace transform

:/ dteist/f(r,t)e—ik'rdr (1.7)
0

» Mass and momentum transport equations can be re-written as

3} . B
aép(r,t) +V-jr,t)=0

—isp(2) + ik - Ji(s) = px

V(Sp(r, ) ﬁu V&T( ) <2 — yv2 — %vv> j([‘, t) =0

(1.8)

s ot
pk(S) ﬂv ’LkT ( ) <—’LS + I/k2 + 77/3_+Ckk) jk(s) = jk
pmxr P

(1.9)
Pk, ji- Fourier mode of dp(r,0), j(r,0)
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Long wave length limit

» Taking k along z direction, momentum transport equation Eq.
(1.9) can be written by

icls) o 4B sz (s) + <—is +vk? + W—+Ckk'> i(s) = Ju
meT e

ikpr(s) + &ikT (s)+ | —is+ ﬂlf i(s) = ji
X Pk m ik om Jk Jk
(—iS + ’/k2) 31(:(5) = j?a a=x,Y

» In particular, we analyze the transverse mode along x, y
direction.
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Prou d by Batlelle Since 1965

Long wave length limit

» Taking k along z direction, momentum transport equation Eq.
(1.9) can be written by

Pic(s) o LB sz (s) + (—is +vk? + Mkk') i(s) = Ju
meT pm

- B . 4o .
ikpy,(s) + ik Ti(s) + <—18 + 3pm k* | Ji(s) = ji

pmxr

(_i8+yk2)j?(8):jg , O =XT,Y

» In particular, we analyze the transverse mode along x, y

direction.
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Transverse mode analysis |

» Transverse current follows

&5t =~ () (1.10)

» Multiply j*, (0), taking ensemble average yields

0
aCt(k,t) +vk?Cy(k,t) =0 (1.11)
where Cy(k,t) = % (j(t)j*,(0)) is the transverse current
correlation
2 2 T
Cy(k,t) = Ci(k,0)e "t = wie Mt WE = k%kQ (1.12)
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Transverse mode analysis Il

B 2 B2\ ! 2 k2
Co(k,w) = —0_ (1 - ”_) ~ Y0 (1+ 7) k< 1. (1.13)

» Shear viscosity 7 is related to Cy(k,w) through
2 9. . w? =
n = Bpm u1)1_>rno Ill_r}r%) ﬁRe [Ct(k,w)} (1.14)

» Following the definition of C(k,w), for small k

k—0

lim Re [ / <_]k Vil >} e“tdt = hm w?Re [Ct(k w)] (1.15)

June 20,2016 | 15



Pacific Northwest
INATI L LABORAI

Transverse mode analysis Il

» Substitute Eq. (1.15) into Eq. (1.14) gives

&S]
1 . . )

w—0k—0

n
L ik, o
» Using j¥(t) + EH’“ (t) =0, n is given by

n=y [ ) d (1.17)

» Diffusion coefficient D can be derived in a similar manner. (Hint:
using mass transport equation and j(r,t) = —DVp(r,1).)
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Stress tensor in microscopic scale |

> Relate stress tensor II to microscopic modeling of Hamiltonian
1
system H(r,p) = §pTM_1p +V(r)

» Microscopic flux mode ji evolves

N
Je(t) =D wi(t)e
=t (1.18)

N

o . . . Cilers

M de =m Y (tia — ikguiatig)e
=1

a - x/y direction, S5 - z direction.
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Stress tensor in microscopic scale Il

» Assuming V (r) can be approximated by pairwise potential v(|r|),
mi;ee ™7 can be written as

—ikr; 1]04/ —zkr
mZUzae IZZ’ rige e

i= 1]761

Tij,a ( —iker; —ikr;
:_E:E (ri) [e7 ™ —e7"m]

r
i=1 j#i i

(1.19)
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Stress tensor in microscopic scale Il

» Therefore, Hgﬂ can be rewritten by

N
1 Tij,alij,B ikers
Hzﬁ = Z MUiqUig + By Z ‘7r—2]¢k(7‘”) e ik ’, (120)
i=1 j#i i
where ¢ (ri;) = rv'(r) Bilﬂ—_l
” ik-r )’
» Taking k — 0, II*% recovers the Kirkwood formulation
a 1 Tiial
af ij,alig,B
HO = Zl MuiqUip + 5 g %U/(Tij) (121)
i= JF£i

» Accordingly, shear viscosity 7 is related to microscopic model
through

n=1 [ ) a (1.22)
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Outline

One-component linearized hydrodynamics

Micro-Marco linkage
Multicomponent interfacial flow

Application
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» For Hamiltonian system H(r,p), state variable A(T") evolves

A
% = (P + Q)LA(0) = eM*PLA(0) + X QLA(0),  (1.23)
» Define projection operator P
PLB = (LBAT)(AAT)'A (1.24)
» Using identity
t
S — QL / eL(t=9)pLeQLs g (1.25)
0

Eq. (1.24) can be written as

t
% "PLA(0) + e2X QL A(0) +/ PP Lel QL A(0)ds
0

=e"PLA(0 / K(s)A(t — s) + e2F*QLA(0)
where kernel K (t) is given by

K(t) = (2" QLAQLAT) (AAT) ™"

June 20,2016 | 21
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Hydrodynamics limit mode

» For low wave number mode k < 1

dA
WA La=omw). (1.26)

» Accordingly projection dynamics
A o0
‘il_t ~ HPLA(0) + / K(s)dsA(t) + 2 QLA(0)
0

» Orthogonal operator and Kernel K (s) satisfy

Q8 = e 1 O(k)
K(t) = (e2"'QLAQLAT) (AAT) ™
— (MQLAQLATY (AATY " + O(K?)

June 20,2016 | 22
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Hydrodynamic limit |

» Consider N particles at r = (r7, vl ... | v%)

density given by

T Momentum

mpum(l‘/) = ijzé(r/ —r)
J
» Taking Fourier mode along k = k2

T 19z,
mpug = E Pjzed*
J

June 20,2016 | 23
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Hydrodynamic limit Il

» Define projection variable A as mpuj for low wave number limit
k<1

L (mpuj) = ik Z L(pjezj) + O(k?) = ikIl,,
J
- DjxPjz
sz - Z ( m + FM;Z])
J

» Kernel K(t) can be rewritten as

K(t) = (" QLAQLAT) (AAT) ™!

-1
= (e LALAT) <kaBT>
2 <H (t)sz(0)>

—k
kaTN ’

since PLA = 0.
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Hydrodynamic limit Ill

» Mode mpvy evolves as

where 7 is the shear viscosity

n= é / <Hﬂcz (t)sz (O)> dt
0
» Time domain recovers

82
mpauz = nﬁux

June 20,2016 | 25
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Outline

One-component linearized hydrodynamics

Multicomponent interfacial flow

Application
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Outline

One-component linearized hydrodynamics
Multicomponent interfacial flow

Low temperature limit

Application
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Interfacial flow

» Interface appears due to the break symmetry of hydrogen bonds
across boundary of multicomponent/multiphase flow
» Macroscopic scale: Young-Laplace relationship across fluid

interface

(II, —II;)n = kon, rel (2.1)
II,, I, - stress of fluid a and b, o - surface tension, I" - fluid
interface, x - interface curvature

» Microscopic scale: interfacial energy difference Tyq + Tpp — 2751
due to microscopic particle interaction

aa
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Interfacial flow

» Macroscopic limit: establish connection between macroscopic
surface tension (o() and microscopic interaction.

» Mesoscopic scale: surface tension (o (kgT)) across thermal
induced fluctuating interface.

-
A ADEANE . == =D> MQK ? |

Vi ui" Ny

Macroscopic scale: near-flat interface Mesoscopic scale: fluctuating interface
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Interfacial energy: microscopic perspective

Prou d by Batlelle Since 1965

» Assume the particle interaction is pairwise function f(r)

» Two slabs of fluid consists of fluid a
particle with uniform density n,
interaction between a tagged particle
A and a thin layer [z, z + dz]

2
0o r
/ 2rrdrnf(R) cos 6 z R
0
0o d RQ_ 2 A
et e
=/ 2mnzf(R)dR
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Interfacial energy: microscopic perspective |

» Taking integration over the whole fluid slab yields the total
interaction 9 (z) between particle A and the slab.

/ dz'/ 2mnz' f(R)dR
:/ dz'z'Zﬂ'n/ f(R)dR
:/ 2mnz' ¢(2")d7,

where ¢(z) = [ f(R)dR is the potential energy.
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Interfacial energy: microscopic perspective Il

ABORAI

d by Balelle

» The whole interaction between slab 1 and slab 2 (unit area) with
distance z is 0(z) given by

0(z) = /:O P(z)ndz

» The interfacial energy T,, of each slab of fluid @ is the mechanic
work to pull the two fluid layers apart from 0 to co.

o0

1 [ 1
5/0 0(z)dz = 59(2)2

“n
- d
co 3 oo Ie
:/0 %27rn2¢(z)dz:/ %n224f(z)dz '

: A

June 20,2016 | 32
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Interfacial energy: microscopic perspective Il

» Macroscopic low temperature limit, I' is nearly flat and smooth
and particle density n is homogeneous

» Surface tension oy between fluid a and b is T, + Tpp — 214p, and
can be related to force interaction fi** by

=gk, [ U@ e -2l )

» Eq. (2.2) can be used to model multiphase/multicomponent flow
(e.g., with Lagrangian particle framework) where thermal
fluctuation is not pronounced.

June 20,2016 | 33



Numerical example

R T B B

c/g(O) -

o

0 O,;)Z 0.04 0.06
Kk, T
Surface tension computed at different kgT'.
» o deviates from low temperature prediction og for intermediate
thermal fluctuation kgT.
> Relationship between ¢ and kgT further depends on model
resolution n.

» How to relate o to (kgT), fi*,n)? oo | o
une N
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Outline

One-component linearized hydrodynamics

Multicomponent interfacial flow

Fluctuating interface

Application
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A Coarse-grained lattice model |

o[ofe][e[e]e]e]e]e]e]. ..
, |o]e|e]e|e]e]e]e]0]e]|s
' |e|e|e|e|e|e|e|e[e]e]zs
M de|e|e|e|e|e|e|e]e|e]|s: .
‘Wi [e]ele]ele]e[ee]e]e|mm
“Jole[e]ee]eele[e]e]|s v
o|o[e|e[o|e[e]e]e]e|s
o|o|o|e|o|e]e]e]e]e|s:
oje|o]e|o]e]o]e]e]e|s:
o|o|o|e|o]e]e]e]e]e]. .

» Map the Lagrangian particles back to discrete lattice under mean
field e

o0
ul = en®, ez/ dru(r)ridr,
0

n’, u’- number density and potential energy of individual lattice.
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A Coarse-grained lattice model Il

» The activity of each lattice unit ¢(n’, kgT) is determined by the
probability to fill a lattice site, i.e.,

nt[C(n* keT) = (1= n")e " /FeT
» Equilibrium activity ¢ satisfies the equal-areas rule
" T¢(n! kpT)
/ In {—B] dn’ =0,
nk C
¢=e /2T ((ng) = ()

nk and nf- nontrivial solutions (# 0.5) corresponding to the
coexisting densities of the gas and liquid phase.
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Inhomogeneous density distribution | N

» Energy u”(zg) of a lattice unit at layer zo determined by the
interaction with the neighboring layers
L
ul(20) = en®(20) + Z M AIn (2)
1=1
AnT(20) = n (20 + 1) + nl (20 — 1) — 2n%(2),
enl(z0)- energy of the lattice layer zo under homogeneous
assumption; M;- interaction energy between layer zy and zg + [.

o o 0 o 0 0 0 ...
ojelelojo|e]e mm The lattice layer zg interact with the
® O e o e 0 0 x

Ml o[efefelofefofs: neighboring layers zo £ 1, z0 £ 2, ...,
: : : : : : : :‘:/‘M;/' zo £ L with interaction energy M,
ejejejejejejo Ma, ..., My, respectively.
LK B BE AN AN BE Jpas)
LK BN BE BE BN BN APZ5)
o o 0 o 0 0 0o .
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Inhomogeneous density distribution Il

» Alternatively, u” can also be determined by mean field activity

TLL/C = (1 _ ’I’LL)e_uL/kBT, C _ ee/QkBT

L
» By using u”(z) = en®(20) + Z M AZnE ()
=1
m M, depends on particle interaction u(r) and can be computed in
an iterative way.

» n%(z) can be obtained by solving the self-consistent field equation
L
- ZMZA?nL(z) =F' [n"(2)],
1=1
1
F’ [nL(z)] = —¢ <§ — nL(z)) + kpTln [nL/(l - nL)] .
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Inhomogeneous density distribution Il

oo

.S {F[nL(z)] +%§L:Ml [AmL(z>]2}

Z=—00
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Inhomogeneous density distribution IV

Density and surface tension obtained from mean field theory and direct

simulation, o is resolution dependent!

Figure: (a) Normalized interfacial density profile at kT = 0.03. (b) Normalized
surface tension obtained at different kgT.

June 20, 2016 |
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Scaling analysis |

» Lattice model defines transition temperature kT
nf ’
/ In [M} dn' =0,
nk ¢
—e"/(kpT.)" =4, ((ng) =((ny') = 0.5
» Scaling of particle model can be established by

__/dp)®
kgT./(dp)?

» For same og, kpT, is different for different model resolution 7!
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STELELEWEER]

> Scaling of surface tension o in Lagrangian particle model given by

U(kBTa Neq, 6) = f <kBT>

Neq€

o\ 2
» Surface tension o predicted by o = oy (1 —-b (ﬁf‘};) >

- n=270
A= - n=46.656 |
v- - n=640

& - n=9LI125
02 = scaled formula 1

‘ ‘
0%k, raapye”!
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Outline

One-component linearized hydrodynamics
Multicomponent interfacial flow

Application
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Outline

One-component linearized hydrodynamics
Multicomponent interfacial flow

Application

Bubble coalescence
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Bubble coalescence et et N

» Fabrication of porous material under control

Small pores

Large pores

SEM images and pore sizes of samples with different merge time time

Courtesy of Dr. Lei Yang and Changlu Xu for providing the SEM images.
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Bubble coalescence

Proudly Of by Batiell 1965

" " 1 " "
.
09F 4
Loy 1
aroe
08
For
2of
P |
32 =
g
~3 2 oo
£
£
05
a
10' 10' 2 4
t c

Figure: Dynamics of bubble coalescence procedure. Growth rate measured wih, | a7
different surface tensions.
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One-component linearized hydrodynamics
Multicomponent interfacial flow
Application

Capillary wave spectrum
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Capillary wave spectrum of fluctuating interfacial floW I ...

» Thermal induced interfacial fluctuation determined by surface
tension

» Assume interface of the two phase fluid is given by n = f(x,y).
Change of interfacial energy (surface area) induced by thermal
fluctuation is given by

/0‘ [1/1 +fE+fE- 1] dxdy = / %(fgﬁ2 + f7)dzdy (3.1)

> In Fourier mode n(z,y) = 3, 7(q)e’d™, change of interfacial
energy of wave number q is

AH(q) = %Uﬁ(q)QqQL2 (32)
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Capillary wave spectrum of fluctuating interfacial fIOW IL...>"

» By equal-partition theorem, spectrum magnitude follows

kgT

N 2 B

= — 3~3

(q) o2 L7 (3-3)

» Spectrum of interfacial fluctuation can be dampened/amplified in
the presence of gravity

» Denote two-phase fluid system with mass density pr, and pg,
increased potential energy is the energy difference by exchanging
the mass density from py, to pg

atty = [(on - "5 epdsdy, (39

June 20,2016 | 50



Pacific Northwest

Capillary wave spectrum of fluctuating interfacial floW HL.""..

» For each q, the contribution to
potential energy difference is given by

AHy = - (@) (o — pr)gL*  (3.5)

N =

» Together with interfacial energy
contribution, spectrum magnitude is
given by

kT

~ 2 _
i(q)” = 0P L% + Apgl? (3.6)

Sketch of the density
(potential energy) exchange
due to interfacial

fluctuation.
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Capillary wave spectrum in presence of gravity i

Prou ated by Ballelle Since 1965

)

o nautral
heavy g

wavy
ot
CWTegravity |

_<n@>_

Figure: Density and fluctuation spectrum |7)(q)|? across two phase flow of
different density.

H. Lei, A. Tartakovsky et al., Phys. Rev. E, 2016; H. Lei, G. Schenter, et al.,
J. Chem. Phys, 2015.
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Concluding Remark

“The fundamental laws necessary for the
mathematical treatment of a large part of
physics and the whole of chemistry are thus
completely known, and the difficulty lies only
in the fact that application of these laws leads
to equations that are too complex to be
solved.”

— PAUL DIRAC
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